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Second order perturbations of a macroscopic string: Covariant approach
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Using a world-sheet covariant formalism, we derive the equations of motion for second order perturbations
of a generic macroscopic string, thus generalizing previous results for first order perturbations. We give the
explicit results for the first and second order perturbations of a contracting near-circular string; these results are
relevant for the understanding of the possible outcome when a cosmic string contracts under its own tension,
as discussed in a series of papers by Vilenkin and Garriga. In particular, second order perturbations are
necessary for a consistent computation of the energy. We also quantize the perturbations and derive the mass
formula up to second order in perturbations for an observer using world-sheet timet. The high frequency
modes give the standard Minkowski result while, interestingly enough, the Hamiltonian turns out to be non-
diagonal in oscillators for low-frequency modes. Using an alternative definition of the vacuum, it is possible to
diagonalize the Hamiltonian, and the standard string mass spectrum appears for all frequencies. We finally
discuss how our results are also relevant for the problems concerning string-spreading near a black hole
horizon, as originally discussed by Susskind.
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I. INTRODUCTION

It is well known that the classical string equations of m
tion in flat Minkowski space can be solved exactly using
conformal gauge~see for instance@1#!. Moreover, the gauge
constraints arising in the conformal gauge can be solved
actly by supplementing the conformal gauge with a lig
cone gauge. However, for many purposes, especially in c
nection with macroscopic cosmic strings, the formalism
the conformal and light cone gauges, although mathem
cally tractable, is not particularly useful. First of all, th
world-sheet timet is generally not related to the preferre
coordinate timet in a simple way. Second, although the lo
gitudinal oscillations are expressed in terms of the transv
oscillations, and therefore do not represent independ
physical degrees of freedom, the longitudinal oscillations
actually still present. Finally, for macroscopic cosmic strin
there is often a natural separation of the degrees of free
into ‘‘slow modes’’ and ‘‘fast modes,’’ and this separation
often more transparent in alternative gauges. In a cur
spacetime the situation is even worse: The classical st
equations of motion cannot generally be solved in the c
formal gauge~nor in any other gauge! and it is generally not
even possible to supplement the conformal gauge with a l
cone gauge, since it would be inconsistent with the equat
of motion.

For macroscopic strings with small oscillations it is us
ally much more convenient to use a formalism where
small oscillations are considered as perturbations. Instea
the conformal gauge one can make a more physical ga
choice where, from the beginning, only transverse osci
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tions are present. Moreover, the world-sheet timet of the
unperturbed macroscopic string can be directly identifi
with the preferred coordinate timet. Another advantage is
that spacetime and world-sheet covariance can be mainta
at all stages. The price to pay for such a nonconformal ga
choice is that the string equations of motion are nonline
However, that is not really a problem in a perturbati
scheme where the equations of motion are to be solved o
by order in the expansion around the zeroth order unp
turbed macroscopic string.

The world-sheet covariant perturbative approach was
veloped in@2# for membranes and strings in flat Minkows
space and in de Sitter space~a noncovariant approach wa
previously developed in@3#!. The results were generalized t
arbitrary curved backgrounds in@4–6# ~see also@7# for some
recent developments!. However, until now only first order
perturbations around the zeroth order macroscopic st
have been considered. This is perfectly enough for m
purposes, but in certain cases it is necessary to consider
the second order perturbations. For instance, conside
small perturbations around a contracting circular string, i
easy to see that there is no contribution to the total conse
energy to first order; the first order contribution simply int
grates out. The first nonzero contribution~besides the zeroth
order contribution! to the total energy is quadratic in the fir
order perturbations, but then also second order perturbat
must be included for consistency, since they contribute to
same order.

The purpose of the present paper is first of all to gene
ize the results of@2,4–6# for first order perturbations to sec
ond order perturbations. That is, we derive the equations
motion for the second order perturbations in world-sheet
variant form. We then give the explicit results for the fir
and second order perturbations of a contracting near-circ
string; these results are relevant for the understanding of
©2001 The American Physical Society06-1
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possible outcome when a cosmic string contracts unde
own tension@2#. Moreover, as already mentioned, the seco
order perturbations are necessary also for a consistent c
putation of the total conserved energy. After obtaining e
plicitly the expression for the classical mass energy,
quantize the perturbations and derive the quantum mass
mula up to second order in perturbations for an obser
using world-sheet timet. The high frequency modes giv
rise to the standard Mikowski result while, interesting
enough, the Hamiltonian turns out to be nondiagonal in
cillators for low-frequency modes. We then show that us
an alternative definition of the vacuum, it is possible to
agonalize the Hamiltonian, and the standard string m
spectrum appears for all frequencies. We finally discuss h
our results are also relevant for the problems concern
string-spreading near a black hole horizon, as originally d
cussed by Susskind@8#.

II. GENERAL FORMALISM

Our starting point is the Nambu-Goto action

S5
1

2pa8
E dtdsA2G, G[det~GAB!, ~2.1!

whereGAB is the induced metric on the string world shee

GAB[hmnx,A
m x,B

n . ~2.2!

Here (A,B)5(0,1) are the world-sheet indices, whi
(m,n)5(0,1,2,3) are the spacetime indices. We consi
strings in 4-dimensional Minkowski space using Cartes
coordinates and sign conventionshmn5diag(21,1,1,1).

The conjugate momentumPm
A is given by

Pm
A[

dL
dx,A

m
5

1

2pa8
A2GGABxm,B . ~2.3!

The equations of motion, corresponding to the action~2.1!,
are then

]APm
A50. ~2.4!

As is well known, the tangential projection of Eq.~2.4!,
x,B

m ]APm
A50, is an identity; thus the equation of motion

equivalently

ni
m]APm

A50, ~2.5!

where the two normal vectorsni
m ( i 51,2) are introduced by

hmnni
mnj

n5d i j , hmnni
mx,A

n 50. ~2.6!

We shall be interested in physical situations where the s
tion to Eq.~2.4! @or, equivalently, Eq.~2.5!# is naturally de-
scribed as a macroscopic string experiencing small pertu
tions. Up to second order perturbations, we therefore w
xm in the following way:

xm5 x̄m1dx(1)
m 1dx(2)

m . ~2.7!
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Here, and in the following, the bar represents unpertur
~zeroth order! quantities. Moreover, since we are interest
only in physical~transverse! perturbations,dxm can be ex-
panded on the normal vectors,dxm5ni

mF i . Thus, by expand-
ing up to second order

dx(1)
m 5n̄i

mF (1)
i , ~2.8!

dx(2)
m 5n̄i

mF (2)
i 1dni (1)

m F (1)
i . ~2.9!

In Eq. ~2.9! we need the first order perturbation of the norm
vector,dni (1)

m . It is easily obtained from Eq.~2.6!

dni (1)
m 52~D̄ i j

AF (1)
j !x̄,A

m , ~2.10!

where the covariant derivativeD̄ i jA is defined by

D̄ i jA[d i j ¹̄A1m̄ i jA . ~2.11!

Here ¹̄A is the covariant derivative with respect to the i
duced metricḠAB on the unperturbed world sheet, whi
m̄ i jA is the torsion~normal fundamental form! of the unper-
turbed world sheet

m̄ i jA[hmnn̄i
mn̄ j ,A

n . ~2.12!

The equations of motion of the first and second order per
bations are conveniently written in terms of geometric qu
tities such as the covariant derivativeD̄ i jA and the extrinsic

curvature ~second fundamental form! V̄ iAB of the unper-
turbed world sheet

V̄ iAB[hmnn̄i
mx̄,AB

n . ~2.13!

This makes manifest the world-sheet covariance as wel
the SO~2! invariance under rotations of the normal vecto
Some useful formulas are given in the Appendix. Here
just list the results for the conjugate momentumPm

A .
To zeroth order, it is simply

P̄m
A5

1

2pa8
A2ḠḠABx̄m,B . ~2.14!

The first order perturbation is also easily obtained

dPm(1)
A 5

1

2pa8
A2Ḡ„~D̄ i j

AF (1)
j !n̄m

i

1~V̄ i
AB2ḠABV̄ iC

C !F (1)
i x̄m,B…. ~2.15!

The second order perturbation is considerably more com
cated. Using the formulas of the Appendix, it becomes
6-2
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dPm(2)
A 5

1

2pa8
A2Ḡ X~D̄ i j

AF (2)
j !n̄m

i 1~V̄ i
AB2ḠABV̄ iC

C !F (2)
i x̄m,B1~D̄k

jBD̄ j i
AF (1)

i !F (1)
k x̄m,B2ḠAB~D̄k

jCD̄ jiCF (1)
i !F (1)

k x̄m,B

2
1

2
ḠAB~D̄k j

C F (1)
j !~D̄ iC

k F (1)
i !x̄m,B2~D̄ ik

A F (1)
k !V̄ jC

C F (1)
j n̄m

i 12~D̄ ikBF (1)
k !V̄ j

ABF (1)
j n̄m

i 2~D̄ jkBF (1)
k !V̄ i

ABF (1)
j n̄m

i

1
1

2
ḠAB~V̄ jC

C V̄ iD
D 2V̄ jCDV̄ i

CD!F (1)
j F (1)

i x̄m,B1~V̄ j
ACV̄ iC

B 2V̄ jC
C V̄ i

AB!F (1)
j F (1)

i x̄m,BC. ~2.16!
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Now it is straightforward to obtain the equations of moti
~2.4! order by order in the expansion. To zeroth order, it
simply

V̄ iC
C 50, ~2.17!

i.e., the well-known result of vanishing mean extrinsic cu
vature for a minimal surface.

To first order, the result is~using also the zeroth orde
equation of motion!

~D̄ jk
A D̄ iA

k 1V̄ jABV̄ i
AB!F (1)

i 50 ~2.18!

as was already obtained independently in a number of pa
@4,5#.

The second order equation of motion, which to o
knowledge has not been obtained before in covariant fo
becomes~using also the zeroth and first order equations
motion!

~D̄ jk
A D̄ iA

k 1V̄ jABV̄ i
AB!F (2)

i 5 f j , ~2.19!

where the sourcef j is given in terms of the first order per
turbations

f j522~D̄ j iBD̄kA
i F (1)

k !V̄ l
ABF (1)

l 22~D̄ jkAF (1)
k !

3~D̄ lB
i F (1)

l !V̄ i
AB1~D̄kA

i F (1)
k !~D̄ ilBF (1)

l !V̄ j
AB .

~2.20!

It should be mentioned that the derivation of the source te
from Eqs. ~2.4!, ~2.16! is a somewhat lengthy exercise
differential geometry. To finally obtain the source term in t
relatively simple form, Eq.~2.20!, we used among othe
things the completeness relation

hmn5ḠABx̄,A
m x̄,B

n 1d i j n̄i
mn̄ j

n ~2.21!

the Weingarten equation

¹̄A¹̄Bx̄m5V̄AB
i n̄i

m ~2.22!

the Gauss-Codazzi equation

D̄ i jAV̄B
jA5D̄ i jBV̄A

jA ~2.23!

as well as the identity
12500
-

rs

r
,
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m

2V̄ iA
B V̄ jB

C V̄kC
A 5V̄ iA

B V̄ jB
A V̄kC

C 1V̄ jA
B V̄kB

A V̄ iC
C 1V̄kA

B V̄ iB
A V̄ jC

C

2V̄ iA
A V̄ jB

B V̄kC
C . ~2.24!

Notice in particular that the zeroth order equation of moti
ensures vanishing of the left hand sides of Eqs.~2.23!,~2.24!.

III. CIRCULAR STRING

We now consider the case where the unperturbed strin
a circular string in thex-y plane. DefiningR0 to be the
maximal radius, it is thus parametrized by

t̄ 5R0t,

x̄5R0 cost coss,
~3.1!

ȳ5R0 cost sins,

z̄50,

such that

ḠAB5diag~2R0
2 cos2t,R0

2 cos2t!. ~3.2!

The unperturbed normal vectors are given by

n̄1
m5S sint/cost

2coss/cost

2sins/cost

0

D , n̄2
m5S 0

0

0

1

D . ~3.3!

The only nonvanishing components of the unperturbed

trinsic curvatureV̄ iAB are

V̄1tt5V̄1ss5R0 , ~3.4!

while all components of the unperturbed torsionm̄ i jA vanish.
From Eqs.~3.2!–~3.4! follows that the zeroth order equa

tion of motion, Eq.~2.17!, is trivially satisfied.
The first order equation of motion, Eq.~2.18!, reduces to

S 2]t
21]s

21
2

cos2t
D F (1)

1 50, ~3.5!
6-3
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~2]t
21]s

2 !F (1)
2 50. ~3.6!

These equations are easily solved using Fourier expans

F (1)
i ~t,s!5Aa8

2 (
n52`

`

Cn
i ~t!e2 ins, C2n

i 5Cn
i* .

~3.7!

The Fourier coefficientsCn
1 are given by

C0
15A2„a0

1~11t tant!1b0
1 tant…,

C1
15a1

1X 1

cost
2

i

2 S t

cost
1sint D C

1b1
1* X 1

cost
1

i

2 S t

cost
1sint D C,

Cn
15an

1 n1 i tant

An~n221!
e2 int1bn

1*
n2 i tant

An~n221!
eint, n>2.

~3.8!

The Fourier coefficientsCn
2 are given by

C0
25A2~a0

21b0
2t!,

C1
25a1

2e2 i t1b1
2* ei t,

Cn
25

1

An
an

2e2 int1
1

An
bn

2* eint, n>2. ~3.9!

Recall that the negativen modes are defined in terms of th
above ones byC2n

i 5Cn
i* . Notice also that then50,61

modes are treated separately. This will be explained later;
also @2#. Moreover, the normalizations and precise defi
tions of the modesan

i ,bm
j in Eqs.~3.8!,~3.9! are motivated as

follows: The first order equations of motion, Eqs.~3.5!,~3.6!,
correspond to the effective action

S5
1

4pa8
E dtdsH F (1)

1 S 2]t
21]s

21
2

cos2t
D F (1)

1

1F (1)
2 ~2]t

21]s
2 !F (1)

2 J . ~3.10!

The conjugate momenta are defined byP (1)
i [dS/dḞ (1)

i

5Ḟ (1)
i /2pa8. They correspond to normal projections of th

conjugate momentadPm(1)
t introduced in Eq.~2.15!. Then

the canonical Poisson brackets are

$P (1)
i ~t,s!,F (1)

j ~t,s8!%52d i j d~s2s8! ~3.11!

and it is straightforward to show that the modesan
i ,bn

i obey

$b0
i ,a0

j %52d i j , ~3.12!
12500
s

ee
-

$an
i ,am

j* %5$bn
i ,bm

j* %52 id i j dnm , n,m>1,

i.e., a0
i ,b0

j are conventionally normalized center of mass c
ordinate and momenta, whilean

i ,bm
j (n,m>1) are conven-

tionally normalized harmonic oscillator modes.
We now come to the second order equation of motion,

~2.19!. In the present case, it reduces to

S 2]t
21]s

21
2

cos2t
D F (2)

1 5R0
2 cos2t f 1, ~3.13!

~2]t
21]s

2 !F (2)
2 5R0

2 cos2t f 2,
~3.14!

where the source termsf i , Eq. ~2.20!, are given by

R0
2 cos2t f 15

22

R0 cos2t
S F (1)

1 F̈ (1)
1 1F (1)

1 F9(1)
1

1
2 sint

cost
F (1)

1 Ḟ (1)
1 D

2
1

R0 cos2t
~Ḟ (1)

1 Ḟ (1)
1 2Ḟ (1)

2 Ḟ (1)
2 1F8(1)

1 F8(1)
1

2F8(1)
2 F8(1)

2 !, ~3.15!

R0
2 cos2t f 25

22

R0 cos2t
S F (1)

1 F̈ (1)
2 1F (1)

1 F9(1)
2

1
2 sint

cost
F (1)

1 Ḟ (1)
2 D2

2

R0 cos2t
~Ḟ (1)

1 Ḟ (1)
2

1F8(1)
1 F8(1)

2 !. ~3.16!

Equations~3.13!,~3.14! are solved using Fourier expansion

F (2)
i ~t,s!5Aa8

2 (
n52`

`

Dn
i ~t!e2 ins, D2n

i 5Dn
i* ,

~3.17!

2R0
2 cos2t f i~t,s!

5Aa8

2 (
n52`

`

f n
i ~t!e2 ins, f 2n

i 5 f n
i*

~3.18!

~the factor 2R0
2 cos2t is included in f i for convenience!.

Then Eqs.~3.13!,~3.14! become

D̈n
11S n22

2

cos2t
D Dn

15 f n
1 , ~3.19!

D̈n
21n2Dn

25 f n
2 , ~3.20!

where the source termsf n
i are given by
6-4
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f n
15

A2a8

R0 cos2t
(

m52`

` H Cm
1 XC̈n2m

1 2~n2m!S n2
m

2 DCn2m
1 1

2 sint

cost
Ċn2m

1 C
1

1

2
~Ċm

1 Ċn2m
1 2Ċm

2 Ċn2m
2 !1

m~n2m!

2
Cm

2 Cn2m
2 J , ~3.21!

f n
25

A2a8

R0 cos2t
(

m52`

`

$Cm
1 ~C̈n2m

2 2n~n2m!Cn2m
2 1 2 sint costĊn2m

2 !1Ċm
1 Ċn2m

2 %. ~3.22!

By solving Eq.~3.19!, we find that the Fourier coefficientsDn
1 are given by

D0
15tantE

0

t

~11t8 tant8! f 0
1dt82~11t tant!E

0

t

tant8 f 0
1dt81A2„a0

1~11t tant!1b0
1 tant…,

D1
15

1

2i
X 1

cost
1

i

2 S t

cost
1sint D CE

0

tX 1

cost8
2

i

2 S t8

cost8
1sint8D Cf 1

1dt8

2
1

2i
X 1

cost
2

i

2 S t

cost
1sint D CE

0

tX 1

cost8
1

i

2 S t8

cost8
1sint8D Cf 1

1dt8

1a1
1X 1

cost
2

i

2 S t

cost
1sint D C1b1

1* X 1

cost
1

i

2 S t

cost
1sint D C,

Dn
15

n2 i tant

2in~n221!
eintE

0

t

~n1 i tant8!e2 int8 f n
1dt82

n1 i tant

2in~n221!
e2 intE

0

t

~n2 i tant8!eint8 f n
1dt8

1an
1 n1 i tant

An~n221!
e2 int1bn

1*
n2 i tant

An~n221!
eint, n>2. ~3.23!

By solving Eq.~3.20!, we find that the Fourier coefficientsDn
2 are given by

D0
25tE

0

t

f 0
2dt82E

0

t

t8 f 0
2dt81A2~a0

21b0
2t!,

D1
25

1

2i
ei tE

0

t

e2 i t8 f 1
2dt82

1

2i
e2 i tE

0

t

ei t8 f 1
2dt81a1

2e2 i t1b1
2* ei t,

Dn
25

1

2in
eintE

0

t

e2 int8 f n
2dt82

1

2in
e2 intE

0

t

eint8 f n
2dt81

1

An
an

2e2 int1
1

An
bn

2* eint, n>2. ~3.24!
nd

tie

te
Again, we recall that the negativen modes are defined in
terms of the above ones byD2n

i 5Dn
i* .

This completes the exact explicit solution of the first a
second order perturbations around the circular string.

IV. MASS SPECTRUM

In this section we shall consider some physical quanti
for the string, including energyE, momentumPW and angular
momentumTn

m . They are all given in terms of the conjuga
momentum introduced in Eq.~2.3!
12500
s

E[E
0

2p

dsPt
t , ~4.1!

PW [E
0

2p

dsPW t, ~4.2!

Tn
m[E

0

2p

ds~xmPn
t2xnPtm! ~4.3!

and they are all conserved
6-5
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Ė50, PẆ 50, Ṫn
m50 ~4.4!

as follows from Eq.~2.4!.
We shall also obtain the mass spectrum from the class

mass formulaM25E 22PW 2. Up to second order perturba
tions, it reads

M25~ Ē1dE(1)1dE(2)1••• !22~ P̄W 1dPW (1)1dPW (2)1••• !2

5~ Ē 22 P̄W 2!12~ ĒdE(1)2 P̄W dPW (1)!

1~2ĒdE(2)1dE(1)dE(1)22P̄W dPW (2)2dPW (1)dPW (1)!

1•••. ~4.5!

The physical quantities, of course, will depend on the p
ticular choice of initial conditions. The initial conditions ar
fixed in terms of the maximal radiusR0 ~zeroth order!, the
modesan

i ,bm
j ~first order! and the modesan

i ,bm
j ~second

order!.
To zeroth order, we get from Eq.~2.3! and Eqs.~3.1!,~3.2!

P̄m
t 5

21

2pa8
ẋ̄m ~4.6!

such that

Ē5R0 /a8, P̄W 50, T̄n
m50, ~4.7!

i.e., only a zeroth order contribution to the energy.
To first order we get

dPm(1)
t 5

21

2pa8
S d i j Ḟ (1)

i n̄m
j 2

1

R0 cos2t
F (1)

1 ẋ̄mD ~4.8!

from which we can easily obtain the first order contributio
to E, PW , andTn

m . However, following the discussion of@2#,
we take as initial conditions for the first order perturbatio

a0
i 5b0

i 5a61
i 5b61

i 50, i 51,2. ~4.9!

This is motivated by the fact that then50,61 modes corre-
spond to rigid spacetime translations and rotations of
circular string@2#. That is to say, they do not really corre
spond to actual perturbations but merely to redefinitions
the initial circular string. Then, using Eq.~4.9!, it is easy to
show that

dE(1)50, dPW (1)50, dTn(1)
m 50, ~4.10!

i.e., no contributions at all to the physical quantities from t
first order perturbations.

The second order contributions to the physical quanti
can be straightforwardly computed, but here we shall g
only the result for the mass squared. As follows from E
~4.5! and taking into account Eqs.~4.7!, ~4.10!, it is neces-
sary to compute onlydE(2) . Using Eq.~2.16!, we find that
12500
al
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e

f

e

s
e
.

dPt(2)
t 5

1

2pa8
S sint

cost
Ḟ (2)

1 2
1

cos2t
F (2)

1 2
2 sint

R0 cos3t
F (1)

1 Ḟ (1)
1

1
2

R0 cos4t
F (1)

1 F (1)
1

2
1

R0 cos2t
~F (1)

1 F̈ (1)
1 1F (1)

2 F̈ (1)
2 !

1
1

2R0 cos2t
~Ḟ (1)

1 Ḟ (1)
1 1Ḟ (1)

2 Ḟ (1)
2 2 (1)81 F (1)81

2F (1)82 F (1)82 !D ~4.11!

such that the second order contribution to the energy, a
some straightforward but tedious algebra, becomes

dE(2)5
1

a8
S 2Aa8a0

11
a8

R0
(
n52

`

n~an
2* an

21bn
2* bn

2!

1
a8

R0
(
n52

` S 2n422n211

2n~n221!
~an

1* an
11bn

1* bn
1!

1
2n221

2n~n221!
~an

1bn
11an

1* bn
1* !D D . ~4.12!

The second order zero modea0
1 can be set to zero for the

same reason as in Eq.~4.9!. Then we get the following resul
for the mass formula up to second order perturbations:

M2a85
R0

2

a8
12(

n52

`

n~an
2* an

21bn
2* bn

2!

12(
n52

` S 2n422n211

2n~n221!
~an

1* an
11bn

1* bn
1!

1
2n221

2n~n221!
~an

1bn
11an

1* bn
1* !D . ~4.13!

This is the mass formula for an observer using stringtimet,
i.e., for an observer for whichan

i and bn
i are the positive

frequency modes. For largen ~high frequency!, the result
reduces to the standard Minkowski result. This was to
expected since the high frequency modes do not ‘‘feel’’ th
they are living on a contracting macroscopic circular strin
For smalln ~low frequency!, the result however differs sig
nificantly from the standard Minkowski result. Notice in pa
ticular that there are off-diagonal terms in the mass formu

It is convenient to introduce an alternative set of mod
which diagonalizes the mass formula. We takeã n

25an
2 and

b̃ n
25bn

2 but
6-6
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ãn
15

1

2
A n2

2~n221!
F2n221

n2
~an

11bn
1!1

1

n2
~an

1* 1bn
1* !G ,

~4.14!

b̃n
15

2 i

2
A n2

2~n221!
F2n221

n2
~an

12bn
1!

2
1

n2
~an

1* 2bn
1* !G . ~4.15!

Then Eq.~4.13! reduces to

M2a85
R0

2

a8
12(

n52

`

n~ ãn
i* ãn

i 1b̃n
i* b̃n

i !, ~4.16!

which is the standard Minkowski result, except for t
‘‘zero-point energy’’R0

2/a8 which is due to the unperturbe
circular string.

The modes~4.14!,~4.15! satisfy the same algebra as in E
~3.12!, but it is important to stress that they arenot positive
frequency modes for an observer using string timet. At the
quantum level, it means that the vacuum defined in term
the annihilation operatorsãn

i , b̃n
i

ãn
i uO&5b̃n

i uO&50 ~4.17!

does not coincide with the vacuum defined in terms ofan
i ,

bn
i . But this is of course a well-known problem when deali

with quantization of fields in a curved spacetime~see for
instance@9#!; in our case the fields are represented by
pertubationsF i while the curved spacetime is represented
the unperturbed contracting circular string.

V. DISCUSSION

We considered the motion of a macroscopic string in
Minkowski spacetime. A string system is endowed with co
formal symmetry on the world sheet and the string equati
of motion are supplied with corresponding constraints. T
symmetry and the constraints underline the fact that only
transverse string motion is physical. Therefore the ac
physical degrees of freedom of a string areD22, rather than
D, whereD is the dimension of spacetime. There are tw
alternatives open: Either work with allD fields and check a
every stage of the calculation that the constraints are s
fied; or work directly with the transverseD22 fields.

Our case study, a macroscopic string contracting un
the influence of its own tension and experiencing small
cillations, is most suited for the second approach, as
plained in the Introduction. We adopted the perturbat
scheme of Garriga and Vilenkin@2#. An exact special solu-
tion is introduced as the zeroth order solution. The pertur
tion of the zeroth order solution should include only tra
verse oscillations and therefore lives in the subspace no
to the unperturbed string world sheet. We improved the p
turbative expansion by including second order terms. Si
at each successive order the string world sheet is redefi
12500
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we have to redefine also the normal vectors to the wo
sheet. Our expressions for the second order perturbation
compact and are expressed covariantly in terms of geom
quantities.

Our formalism was exemplified by studying an almo
circular string in Minkowski spacetime. To zeroth order w
have a circular string in thex-y plane. We analyzed to firs
and second order the transverse oscillations: radial osc
tions and oscillations in thez direction. Thez oscillations
appear quite standard~the usual oscillations in flat space
time!. On the other hand, the radial oscillations present no
features. The frequency spectrum of the radial oscillatio
differs from the standard one for small and moderate f
quencies. Furthermore, a nondiagonal mixing appears in
mass spectrum. This reflects that the scalar field~which rep-
resents the perturbation! in the radial direction is ‘‘feeling’’
the underlying two-dimensional contracting geometry. T
is the picture emerging for an observer using world-sh
time t. However, by using an alternative definition of th
vacuum, it is possible to diagonalize the Hamiltonian, a
the standard string mass spectrum appears for all freq
cies.

It is highly interesting to apply our formalism to string
moving in curved spacetime. Along these lines we stud
already @10# an oscillating circular string in Schwarzchil
background to zeroth and first order. Our motivation was
establish a framework within which to study in a preci
manner the string behavior near the black hole horizon,
sues first raised by Susskind@8# ~see also@11#!. We calcu-
lated both the radial and angular spreading of the string
the string approaches the black hole horizon. We found
the radial spreading is suppressed by the Lorentz contrac
and the string appears~to an asymptotic observer! as wrap-
ping around the event horizon. We plan to calculate a
include the second order terms and thus analyze how
string oscillators spread over the event horizon. Notice t
the second order perturbations are necessary for a consi
discussion of the energy. Hopefully we might understand
entropy of the black hole in terms of string degrees of fre
dom.
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APPENDIX

The first and second order perturbations ofxm are

dx(1)
m 5n̄i

mF (1)
i , ~A1!

dx(2)
m 5n̄i

mF (2)
i 2~D̄ i j

AF (1)
j !F (1)

i x̄,A
m . ~A2!

It follows that

~dx(1)
m ! ,B5~D̄ jB

i F (1)
j !n̄i

m2V̄ jB
C F (1)

j x̄,C
m , ~A3!
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~dx(2)
m ! ,B5~D̄ jB

i F (2)
j !n̄i

m2V̄ jB
C F (2)

j x̄,C
m

2~D̄ j i
AF (1)

i !V̄AB
k F (1)

j n̄k
m2~D̄ j i

AF (1)
i !

3~D̄kB
j F (1)

k !x̄,A
m 2~D̄k

j BD̄ j i
AF (1)

i !F (1)
k x̄,A

m .

~A4!

As for the first and second order perturbations of the~in-
verse! induced metric on the world-sheet, we get

dG(1)
AB52V̄ j

ABF (1)
j , ~A5!

dG(2)
AB52V̄ j

ABF (2)
j 1~D̄ j i

AF (1)
i !~D̄kB

j F (1)
k !

13V̄ j
ACV̄ i

BCF (1)
j F (1)

i 1~D̄ jk
A D̄ i

k BF (1)
i !F (1)

j

1~D̄ jk
BD̄ i

k AF (1)
i !F (1)

j . ~A6!
12500
The following expressions for the first and second order p
turbations ofA2G are also useful:

dA2G(1)52A2ḠV̄ jC
C F (1)

j , ~A7!

dA2G(2)52A2ḠS V̄ jC
C F (2)

j 1~D̄k
jCD̄ jiCF~1!

i !F~1!
k

1
1

2
~D̄k

jCF~1!
j !~D̄ki

CF~1!
i !

2
1

2
~V̄ jC

CV̄ iD
D2V̄ jCDV̄ i

CD!F~1!
j F~1!

i D .

~A8!
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