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Second order perturbations of a macroscopic string: Covariant approach
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Using a world-sheet covariant formalism, we derive the equations of motion for second order perturbations
of a generic macroscopic string, thus generalizing previous results for first order perturbations. We give the
explicit results for the first and second order perturbations of a contracting near-circular string; these results are
relevant for the understanding of the possible outcome when a cosmic string contracts under its own tension,
as discussed in a series of papers by Vilenkin and Garriga. In particular, second order perturbations are
necessary for a consistent computation of the energy. We also quantize the perturbations and derive the mass
formula up to second order in perturbations for an observer using world-sheet-tifffee high frequency
modes give the standard Minkowski result while, interestingly enough, the Hamiltonian turns out to be non-
diagonal in oscillators for low-frequency modes. Using an alternative definition of the vacuum, it is possible to
diagonalize the Hamiltonian, and the standard string mass spectrum appears for all frequencies. We finally
discuss how our results are also relevant for the problems concerning string-spreading near a black hole
horizon, as originally discussed by Susskind.
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[. INTRODUCTION tions are present. Moreover, the world-sheet timef the
unperturbed macroscopic string can be directly identified
It is well known that the classical string equations of mo-with the preferred coordinate time Another advantage is
tion in flat Minkowski space can be solved exactly using athat spacetime and world-sheet covariance can be maintained
conformal gaugésee for instancgl]). Moreover, the gauge at all stages. The price to pay for such a nonconformal gauge
constraints arising in the conformal gauge can be solved exhoice is that the string equations of motion are nonlinear.
actly by supplementing the conformal gauge with a light-However, that is not really a problem in a perturbative
cone gauge. However, for many purposes, especially in corscheme where the equations of motion are to be solved order
nection with macroscopic cosmic strings, the formalism ofby order in the expansion around the zeroth order unper-
the conformal and light cone gauges, although mathematiturbed macroscopic string.
cally tractable, is not particularly useful. First of all, the  The world-sheet covariant perturbative approach was de-
world-sheet timer is generally not related to the preferred veloped in[2] for membranes and strings in flat Minkowski
coordinate timé in a simple way. Second, although the lon- space and in de Sitter spat@ noncovariant approach was
gitudinal oscillations are expressed in terms of the transversgreviously developed if3]). The results were generalized to
oscillations, and therefore do not represent independerdrbitrary curved backgrounds jd—6] (see alsq7] for some
physical degrees of freedom, the longitudinal oscillations areecent developmentsHowever, until now only first order
actually still present. Finally, for macroscopic cosmic stringsperturbations around the zeroth order macroscopic string
there is often a natural separation of the degrees of freedoimave been considered. This is perfectly enough for many
into “slow modes” and “fast modes,” and this separation is purposes, but in certain cases it is necessary to consider also
often more transparent in alternative gauges. In a curvethe second order perturbations. For instance, considering
spacetime the situation is even worse: The classical stringmall perturbations around a contracting circular string, it is
equations of motion cannot generally be solved in the coneasy to see that there is no contribution to the total conserved
formal gaugeg(nor in any other gaugeand it is generally not  energy to first order; the first order contribution simply inte-
even possible to supplement the conformal gauge with a lighgrates out. The first nonzero contributi@esides the zeroth
cone gauge, since it would be inconsistent with the equationsrder contributioito the total energy is quadratic in the first
of motion. order perturbations, but then also second order perturbations
For macroscopic strings with small oscillations it is usu-must be included for consistency, since they contribute to the
ally much more convenient to use a formalism where thesame order.
small oscillations are considered as perturbations. Instead of The purpose of the present paper is first of all to general-
the conformal gauge one can make a more physical gaugee the results of2,4—6 for first order perturbations to sec-
choice where, from the beginning, only transverse oscillaond order perturbations. That is, we derive the equations of
motion for the second order perturbations in world-sheet co-
variant form. We then give the explicit results for the first
*Electronic address: all@fysik.sdu.dk and second order perturbations of a contracting near-circular
"Electronic address: nicolaid@ccf.auth.gr string; these results are relevant for the understanding of the
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possible outcome when a cosmic string contracts under itslere, and in the following, the bar represents unperturbed
own tensior{2]. Moreover, as already mentioned, the secondzeroth order quantities. Moreover, since we are interested
order perturbations are necessary also for a consistent coronly in physical(transversg perturbations,sx* can be ex-
putation of the total conserved energy. After obtaining ex-panded on the normal vecto@(/‘=n{‘®i. Thus, by expand-
plicitly the expression for the classical mass energy, weng up to second order

guantize the perturbations and derive the quantum mass for-
mula up to second order in perturbations for an observer
using world-sheet timer. The high frequency modes give
rise to the standard Mikowski result while, interestingly . _
enough, the Hamiltonian turns out to be nondiagonal in os- OX{ay =Nl )+ 8l )Py . (2.9
cillators for low-frequency modes. We then show that using

an alternative definition of the vacuum, it is possible to di-|n Eq.(2.9) we need the first order perturbation of the normal
agonalize the Hamiltonian, and the standard string masgector, antty,. Itis easily obtained from Eq(2.6)

spectrum appears for all frequencies. We finally discuss how

our results are also relevant for the problems concerning
string-spreading near a black hole horizon, as originally dis-

cussed by Susskind].

SXfhy=nkd|y), (2.8

SNf(yy=— (D ®}1))x%, (2.10

where the covariant derivati\EijA is defined by
Il. GENERAL FORMALISM

Our starting point is the Nambu-Goto action Dija=6;VaT mija - (211

1 e . L . -
S= f drdoy—G, G=del(Gng), (2.1 Here V4 is the covariant derivative with respect to the in

duced metrichB on the unperturbed world sheet, while

EjA is the torsion(normal fundamental forjnof the unper-
turbed world sheet

2ma’
whereG,g is the induced metric on the string world sheet

GABE 77/,LVX:MAX,VB . (22) o —=
Here (A,B)=(0,1) are the world-sheet indices, while HIA= T A (212
(m,v)=(0,1,2,3) are the spacetime indices. We conside
strings in 4-dimensional Minkowski space using Cartesia
coordinates and sign conventiopg,=diag(—1,1,1,1).
The conjugate momentui®) is given by

The equations of motion of the first and second order pertur-
"bations are conveniently written in terms of geometric quan-

tities such as the covariant derivatiﬂTaJ-A and the extrinsic

curvature (second fundamental form();,g of the unper-

oL 1 turbed world sheet
A_ _ _ AB
P,= b ma V=GG™"X, - (2.3 B -
| QiABE ﬂyvniuX,VAB- (213)

The equations of motion, corresponding to the acti@n),

are then This makes manifest the world-sheet covariance as well as
IPP=0 2.4 the S@2) invariance under r(_)tatio_ns of the normal vectors.
Al ' Some useful formulas are given in the Appendix. Here we
just list the results for the conjugate momentmﬁ

As is well known, the tangential projection of ER.4), o Hie
To zeroth order, it is simply

xf‘BaAPffO, is an identity; thus the equation of motion is
equivalently

_ 1 —
nosPA=0, (2.5 Ph= ——=GG"®x,, 5. (2.14
27a

where the two normal vectorg* (i=1,2) are introduced by
The first order perturbation is also easily obtained

7u,NN] =38, 7,,nX=0. (2.6
We shall be interested in physical situations where the solu- SpA :L‘/_g((ﬁ_/%q)i n
tion to Eq.(2.4) [or, equivalently, Eq(2.5)] is naturally de- #D o ra T

scribed as a macroscopic string experiencing small perturba- . o
tions. Up to second order perturbations, we therefore write +(QPP-GRBQ) DX, p). (215
x* in the following way:
_ The second order perturbation is considerably more compli-
XH= XK+ OX(1)+ OX(5) - (2.7 cated. Using the formulas of the Appendix, it becomes

125006-2



SECOND ORDER PERTURBATIONS OF A MACROSCQP!I . . PHYSICAL REVIEW D 63 125006
1 = —,
A _ A OAB ~NIiBA
5PM(2)—27m,\/—G (D”qﬂ(z))n +(QMB-GPBOG )<I>(2)X#B+(DKD cp(l,)q)(l)x#B G"8(D} DJ,C(I)(l))CI)(l)x
OABRI Al N K \OABFI Al
——GAB(D @}y (D |Cq)(l))x,uB (D|k(D(1))Q q)(l)n +2(D |kB(I)(1))Qj Di4yn,, — (Dje® (1) Q4N

1 —  —p i i T L TACEB oG mABua] ai =
+ 5 GARQEOR ~ Qiep Q) Dl PlpyX, 5+ (2] QR ~ QLA DDl 6 | (2.16

Now it is straightforward to obtain the equations of motion -+ I
(2.4) order by order in the expansion. To zeroth order, it is ZQ'AQ Q Q'AQ Q Q Q Q Q Q Q

simply — 040508, (2.24)
Qie=0, (217 Notice in particular that the zeroth order equation of motion

ishi f the left hand sid f E@L3),(2.24).
i.e., the well-known result of vanishing mean extrinsic cur-ensures vanishing of the left hand sides of £823,(2.24

vature for a minimal surface.

To first order, the result igusing also the zeroth order lll. CIRCULAR STRING

equation of motion We now consider the case where the unperturbed string is
: a circular string in thex-y plane. DefiningR, to be the
(D} D|A+QJABQ B)®(;,=0 (2.18  maximal radius, it is thus parametrized by

as was already obtained independently in a number of papers =Ry7

[4,5].
The second order equation of motion, which to our
knowledge has not been obtained before in covariant form,

becomequsing also the zeroth and first order equations of _ 3.
motion) y=RgycosTsino,

X=Ry C0S7coso,

(D D|A+QJABQ )(D(Z) (219 Z=O,

where the sourcé; is given in terms of the first order per- such that
turbations .
- o Gap=diag — R3cog7,R3 cog'r). (3.2
fj= =~ 2(DjigDja®{1) 2/ *D{;)~ 2(Djya®(y)) _
_ _ The unperturbed normal vectors are given by
X(D|B¢(1))Q{\B+(DLACD&))(Dan’l(l))QfB-

sinr/cos 0
(2.20 TeosT
_ —cosa/cost — 0
It should be mentioned that the derivation of the source term 1= —sing/cosr b= 0 (3.9
from Egs.(2.4), (2.16 is a somewhat lengthy exercise in
differential geometry. To finally obtain the source term in the 0 1
relatively simple form, Eq.(2.20, we used among other o
things the completeness relation The only nonvanishing components of the unperturbed ex-
o o trinsic curvature);,g are
7*"=G B+ 8'nfn? (2.21 o
. . ‘Q’lﬂ':‘Q‘l(r(r: RO! (34)
the Weingarten equation
- — — — while all components of the unperturbed torsﬁ(pA vanish.
VaVex#=Q)penf* (2.29 From Eqgs.(3.2—(3.4) follows that the zeroth order equa-
. . tion of motion, Eq.(2.17), is trivially satisfied.
the Gauss-Codazzi equation The first order equation of motion, E(R.18), reduces to
BijA(_I{BAZSijBﬁL\A (2.23

2
( P —- )(I)m 0, (3.5

as well as the identity
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(— 93+ d2) Dy, =0. (3.6 {an.al}={by.bl}==i816m, nm=1,

These equations are easily solved using Fourier expansionse., a‘o,b{) are conventionally normalized center of mass co-
. ordinate and momenta, whil,,b) (n,m=1) are conven-
- [a’ - . - - tionally normalized harmonic oscillator modes.
i _ . i —ino i _ i i i
Py(7,0)= 2 H:Z_x Cn(ne 7, C,=Cy . We now come to the second order equation of motion, Eq.
3.7  (2.19. In the present case, it reduces to

L2
cogr

The Fourier coefficient€?} are given b
naredg Y ( — 9%+ 92 )rb(12)=R§ cogrfl,  (3.13

ci=\2(a}(1+ rtan7)+b}tan7),

1 i
1_ .1 _
Cl_al(COST 2

Wl 1 i T )
+by* + - +sin7| |,
cost 2\ cost

(= 02+ 35)DFyy =R cos' 2,
-
+sin T)) 3.19

COST

where the source ternf$, Eq. (2.20), are given by

2 1_
RO COSsz _m(q)(l)q)(l)—’_ q)(l)q) )
1 4 htitant . 1, N—itant . 0
:an 7|nf+ n* |nr, n;z. 23|n7- )
" " n(n?-1) Jn(n?—1) e T
3.9 co V¥ @)
The Fourier coefficient€;, are given by _ (q)(ll)q)(ll)_q)(zl)(p(zl)+q),(1l)q),(1l)
Ry coST
Ci=\2(aj+bjr), PR
Ci=ale '"+b%* e,
-2
2 2__ n2
Ci= —ale ""+-—bZ*e"", n=2. (3.9 0
Vn Vn :
2sint ., N
. . — - ——— (D}, Py,
Recall that the negative modes are defined in terms of the cosr ~ (W7 Ry cogr (
above ones byC' ,=C*. Notice also that then=0,+1
o - . +@'Ld'2)) (3.1
modes are treated separately. This will be explained later; see (1= @y :

also [2]. Moreover, the normalizations and precise defini-
tions of the modes,, ,b}, in Egs.(3.8),(3.9) are motivated as

follows: The first order equations of motion, E¢3.5),(3.6), -
Dly(r,0)=\5 > Di(ne M, D' =D}
n

Equations(3.13,(3.14) are solved using Fourier expansions

correspond to the effective action

S 1folol q>1(a+a+2)q> (317
- ) o) () 1)
ama cos 00527'f 7'0')
(1)( & +0" )(I)(l) (31@ = [ Z fn(T)e—lno" .I:I _fl*
(3.18

The conjugate momenta are defined ﬂ;%l)EéS/éfi)i(l) ) o o _
s , . (the factor —Rg cogr is included inf' for convenience
=d,,/2ma’. They correspond to normal projections of the
(1) . Then Eqs(3.13,(3.14 become
conjugate momentaP,, ;) introduced in Eq.(2.15. Then

the canonical Poisson brackets are
. . y Di+| n?— ——|Di=f11, (3.19
{Illy)(1,0), @1y (1,0 )} ==818(c—0a") (3.1 g codr D
and it is straightforward to show that the modgsb!, obey B2+4n2D2=12, (3.20
{b,ab}=—a", (312 where the source ternf$, are given by
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P ; m 2sinr.
-2 s [C%(Cﬁm—(n—m)(n—g)cﬁnﬁr COSTc,ﬁm)
O = —00
1 ... Co m(n—m)
+§(C;cﬁ,m—c§c§,m)+Tczcﬁ m], (3.2)
V2a .
o= 2 {CH(Ch_m—n(N=M)C?_ .+ 2 sinrcosrC2 )+ CrCim}- (3.22

Ro Ry Co&7 m2

By solving Eq.(3.19, we find that the Fourier coe1‘ficient3,11 are given by

Dcl)ztana-J' (1+7' tanT’)fédT'—(l-‘thanT)j tant' f3d7' + V2(ad(1+ rtan7) + Bi tan7),
0 0

Dl_l(l NI )f T N
1 2i \cost 2\cosrt sinT o \cost’ 2 cost’ sint 187

1(1 T )f N
2i\cosr 2\ cosr ")) )o\cosr 2

T

~+sin7’ ) )f}dr’

CosT

1( 1 i T T N ( 1 i T i )
“\cosr 2| cosr sin7 | |+ 51 coST 2 cosr o 7|)
. Noitanr (o il n+itans T -
Di=————€""| (n+itan7")e """ fidr' — ————e """ | (n—itan7’)e"" fod7’
2in(n“—1) 0 2in(n“—=1) 0
, h+itant 1, N—itant
R — = |n1-+ *—elnr, n22. (323

“n \/n(nz—l) P \/n(nz—l)

By solving Eq.(3.20), we find that the Fourier coefficientsﬁ are given by

DS= TJO fng’— Jo T’fédr’ + \/E(ag+ ,837'),

1 o, i (=, . .
D3= ze”f ST frd s — Ee‘”f €7 f2dr +ale T+ pZ*eT,
0 0

Dzz.ie””fre N7’ £2¢ 7/ —ie ””fTei"T'fqu-’Jriaze*"‘”ri 2xgint - n=2 (3.29
o 2in 0 2in 0 n \/ﬁ n \/ﬁ n ’

Again, we recall that the negative modes are defined in 2m
terms of the above ones iy’ ,=D!* . &= fo doPy, (4.9
This completes the exact explicit solution of the first and
second order perturbations around the circular string. o
ﬁzf doP7, (4.2
IV. MASS SPECTRUM 0
In this "sect|.0n we. shall consider some pbysmal guantities Tho 2ﬂda(x“PT—va”‘) 4.3
for the string, including energy, momentumP and angular " Jo v
momentumT% . They are all given in terms of the conjugate
momentum introduced in E¢2.3) and they are all conserved
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('c;:(), S:O' T’,fZO (4.4) . 1 SinT-l 1 1 2sint
5Pt(2)_2wa’ cosr @~ cos’-r(b(z)_Rocos?‘Tq)(l)q)(l)

as follows from Eq.(2.4).

We shall also obtain the mass spectrum from the classical
mass _formuIaM2=52—I52. Up to second order perturba- + R, o'
tions, it reads

1 1
Q)P

B N ) A . 1 51 2 H2
M?=(E+ 8E)+ 6+ - )2 = (P+ 0P )+ 6Py + -+ +)? Ro cog7 TR
— (£2—-P?)+2(£6E,,— PP
(E2=P?)+2(E861)~ PPy S R TARE T T
+(2E8E5)+ 5(1)0E (1)~ 2P 5P )= 6P(1)6P 1)) PRocosT
. (4.5 12 gy 1
_CD(12>‘I’(12>)> (@10

The physical quantities, of course, will depend on the par-
ticular choice of initial conditions. The initial conditions are
fixed in terms of the maximal radiug, (zeroth order, the such that the second order contribution to the energy, after
modesal ,b! (first orde) and the modesy, B! (second Some straightforward but tedious algebra, becomes
ordep.

To zeroth order, we get from E¢R.3) and Eqs(3.1),(3.2)

oo

S, n(adtad+bibd

A

1 @
58(2):_,< - \/?aé+
(44

— -1 - R_O n=2
P’= X, (4.6 -
¥ o2mal ! a’ an*-2n+1
R ——— ——(ay"a;+by*by)
such that on=21 2n(n"-1)
2
£=Ryla’, P=0, TE=0, 4.7) +2n—_1(a§bﬁ+ al*bl*) | |. (4.12
v 2n(n®—1)
i.e., only a zeroth order contribution to the energy.
To first order we get The second order zero modg, can be set to zero for the
same reason as in E@.9). Then we get the following result
5P -1 5@ T 1 ol 9 for the mass formula up to second order perturbations:
=— & n—-——-:- X .
w(1) 2ma’ | Y 1w ROCO§T (1)*p
RS
from which we can easily obtain the first order contributions M2a’=—+22 n(ai*a’+Db3*b?)
to £ P, andT*. However, following the discussion ¢2], o ne2
we take as initial conditions for the first order perturbations * [on*—2n2+1
1x 51 1x 1,1
) ) ) ) ) +22 —2(an an—i_bn bn)
ag=bp=al,;=b.,=0, i=1.2. (4.9 n=2\ 2n(n°-1)
. . 2n%—1
This is motivated by the fact that the=0,+= 1 modes corre- (aﬁbhaﬁ* brl1*) _ 4.13

spond to rigid spacetime translations and rotations of the +2n(nz—1)
circular string[2]. That is to say, they do not really corre-
spond to actual perturbations but merely to redefinitions o
the initial circular string. Then, using E¢4.9), it is easy to
show that

tI'his is the mass formula for an observer using stringtime
i.e., for an observer for whicla, and b, are the positive
frequency modes. For large (high frequency, the result
reduces to the standard Minkowski result. This was to be
expected since the high frequency modes do not “feel” that
i.e., no contributions at all to the physical quantities from thethey are living on a contracting macroscopic cm_:ular st_rlng.
For smalln (low frequency, the result however differs sig-

first order perturbations, ificantly from the standard Minkowski result. Notice in par-

The second order contributions to the physical quantitie%? . )
. . “Ticular that there are off-diagonal terms in the mass formula.
can be straightforwardly computed, but here we shall give It is convenient to introd%ce an alternative set of modes

only the result for the mass squared. As follows from Eq. . ) - 5
(4.5 and taking into account Eq$4.7), (4.10, it is neces-  Which diagonalizes the mass formula. We taig=a; and
sary to compute onlys, . Using Eq.(2.16, we find that ~ ba=bj but

861)=0, 6P(1)=0, &T#,,=0, (4.10
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-~ 1 n2 [an—l
ar=3s\/
"2 Nm2-1)| n2

1
@ieblye St onin|

(4.19
~ —i [ n? [an—l
blz_ al_bl
"2 N2nz-1)| n? (2q=bn)
1 1x 1x
_F(an —by) | (4.19
Then Eq.(4.13 reduces to
M2a' = a—?+2§2 n(@*al +oi*bl),  (4.16

PHYSICAL REVIEW D 63 125006

we have to redefine also the normal vectors to the world
sheet. Our expressions for the second order perturbation are
compact and are expressed covariantly in terms of geometric
quantities.

Our formalism was exemplified by studying an almost
circular string in Minkowski spacetime. To zeroth order we
have a circular string in the-y plane. We analyzed to first
and second order the transverse oscillations: radial oscilla-
tions and oscillations in the direction. Thez oscillations
appear quite standardhe usual oscillations in flat space-
time). On the other hand, the radial oscillations present novel
features. The frequency spectrum of the radial oscillations
differs from the standard one for small and moderate fre-
guencies. Furthermore, a nondiagonal mixing appears in the
mass spectrum. This reflects that the scalar fieddich rep-
resents the perturbatipm the radial direction is “feeling”

the underlying two-dimensional contracting geometry. This
which is the standard Minkowski result, except for theis the picture emerging for an observer using world-sheet
“zero-point energy”R3/«' which is due to the unperturbed time 7. However, by using an alternative definition of the
circular string. vacuum, it is possible to diagonalize the Hamiltonian, and

The modeg4.14),(4.15 satisfy the same algebra as in Eq. the standard string mass spectrum appears for all frequen-
(3.12, but it is important to stress that they aret positive  cies.
frequency modes for an observer using string timét the It is highly interesting to apply our formalism to strings
quantum level, it means that the vacuum defined in terms ofmoving [iﬂ ]curved spacetime. Along these lines we studied

ihilati =i already[10] an oscillating circular string in Schwarzchild
the annihilation operators, , by background to zeroth and first order. Our motivation was to
establish a framework within which to study in a precise
manner the string behavior near the black hole horizon, is-
sues first raised by Susskiné] (see alsd11]). We calcu-
bin. But this is of course a well-known problem when dealinglated poth the radial and angular spreadling of the string, as
with quantization of fields in a curved spacetirntmee for the string approa_che.s the black hole horizon. We found th_at
instance[9]); in our case the fields are represented by thethe radial s_preadmg is suppressed by_ the Lorentz contraction
pertubationsb' while the curved spacetime is represented by‘r".nd the string appealto an asymptotic observeas wrap-
the unperturbed contracting circular string. ping around the event horizon. We plan to calculate and
include the second order terms and thus analyze how the
string oscillators spread over the event horizon. Notice that
V. DISCUSSION the second order perturbations are necessary for a consistent

We considered the motion of a macroscopic string in flaidiscussion of the energy. Hopefully we might understand the
Minkowski spacetime. A string system is endowed with con-entropy of the black hole in terms of string degrees of free-
formal symmetry on the world sheet and the string equation§Om-
of motion are supplied with corresponding constraints. The
symmetry and the constraints underline the fact that only the
transverse string motion is physical. Therefore the actual
physical degrees of freedom of a string &re 2, rather than
D, whereD is the dimension of spacetime. There are two
alternatives open: Either work with dll fields and check at
every stage of the calculation that the constraints are sati
fied; or work directly with the transverde— 2 fields.

Our case study, a macroscopic string contracting under
the influence of its own tension and experiencing small os-
cillations, is most suited for the second approach, as ex-
plained in the Introduction. We adopted the perturbative SxE = nhd! (A1)
scheme of Garriga and Vilenkir2]. An exact special solu- W)
tion is introduced as the zeroth order solution. The perturba-
tion of the zeroth order solution should include only tran-
verse oscillations and therefore lives in the subspace norm?l
to the unperturbed string world sheet. We improved the per't follows that
turbative expansion by including second order terms. Since
at each successive order the string world sheet is redefined,

al|0)=b'|0)=0 (4.17

does not coincide with the vacuum defined in termsalof
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APPENDIX

The first and second order perturbationsxtfare

SXfoy=ND{)— (DfjPly)) D{y . (A2)

(5Xle)),B:(535(13%1))?#_5}:3@%1);%, (A3)
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(OX(3)) 8= (D}B(D{Z))ni#_ QjCBCI)JkZ)X,Mc
—( Dﬁ¢'(1))ﬂf\e<1>%1>nﬁ‘— (Dﬁq’l(l))
X (Dkg® (1)) XA~ (DED® 1) D (1)X/4 .
(A4)

As for the first and second order perturbations of (me
verse induced metric on the world-sheet, we get

5GIE=20/"0},,, (A5)
5G(5=2071°D},) + (D)) (Dely)

+307°Q PP, () + (DD P () Dl

+(D D[ AD () Dy (A6)
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The following expressions for the first and second order per-
turbations ofy—G are also useful:

SV=Guy=—-GQdl,, (A7)
S\V=Gzy=— V=G| QP+ (DJCDjic®(; ) Pfy,
1 ~k j N Ci
+§(D ic®(1))(Dyi "D (q))
1S cog oo geo i@
_E(Qjc Qip” = QjcpQi )PPy | -
(A8)
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